The influence of induced currents on the acceleration and detachment of a uniform plasma expanding through a magnetic nozzle is investigated. A collisionless two-fluid model is used to solve for the flow of a cold-ion, hot-electron plasma through a diverging magnetic field. An iterative procedure is then employed to converge upon a magnetic field solution consistent with the plasma dynamics. The ratio of the kinetic energy density to the magnetic field energy density at the nozzle throat, β0, is found to control the relative importance of induced currents within the flow while the acceleration of the plasma is largely independent of β0. The efficiency at which the plasma detaches from the magnetic nozzle, on the other hand, increases with β0 due to the influence of induced magnetic fields on the plume divergence. Finally, it is concluded that the predominant physical mechanism behind plasma detachment is the inertial separation of the flow from the magnetic field as the electron Larmor radius increases beyond the scale length of magnetic field variation. The local value of β at the detachment location reflects the relative importance of induced currents on plasma detachment.
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Nomenclature

I. Introduction
A number of plasma propulsion concepts currently being investigated rely on the use of applied magnetic fields to accelerate heated plasmas to exhaust velocities an order of magnitude larger than chemical rockets.
1, 2
In a process akin to conventional de Laval nozzles, these "magnetic nozzles" use a converging-diverging magnetic field to convert the thermal energy of a plasma into directed kinetic energy while simultaneously preventing the energetic plasma from impacting the surfaces of the thruster. 3 The feasibility of using plasma flow along magnetic fields to produce thrust has been questioned, however, due to the tendency of plasma to remain tied to necessarily closed magnetic field lines. Efficient detachment of the plasma from the magnetic nozzle thus becomes paramount for the potential application of such concepts to space propulsion.
Several physical mechanisms have been proposed to describe plasma detachment from magnetic nozzles. These mechanisms can be divided into two general categories: collisional and collisionless detachment.
Collisional detachment encompasses both resistive diffusion of the plasma across the applied magnetic field 4 and detachment through three-body recombination of the ionized propellant into neutral particles.
5
Both of these processes are sensitive to their respective collision frequencies, which depend upon the evolution of the electron temperature in the nozzle plume. Experimental and computational studies suggest that the distance over which electron cooling occurs within the expanding plasma is insufficient to allow for significant amounts of cross-field diffusion or three-body recombination.
6-8
Plasma detachment may occur in the collisionless limit due to either inertial separation of the plasma from the magnetic field [9] [10] [11] or stretching of the magnetic field along with the flow. 12-15 Using a two-fluid model of a cold plasma expanding through a dipole magnetic field, Hooper demonstrated that detachment is theoretically possible due to the finite inertia of the flowing plasma. He finds inertial plasma detachment is dependent on a parameter which is inversely proportional to the product of the electron and ion Larmor radii. In essence, Hooper's inertial detachment parameter, G, is a ratio of the effective magnetic field inertia to the plasma inertia. However, by ignoring induced magnetic fields, Hooper's analysis is limited to low-β plasmas where β is defined as the ratio of the kinetic energy of the flow to the the energy stored within the magnetic fields of the nozzle. Arefiev and Breizman used magnetohydrodynamics 12, 13 to show that the magnetic fields of the nozzle are stretched along the flow by an induced azimuthal current density that develops within the plasma as β increases beyond unity. However, this theoretical framework is limited to "frozen-in" flow from which the plasma fluid elements cannot strictly detach from the magnetic field. Furthermore, the physical source of the induced current density is unclear from their analysis.
While separate studies have been done of inertial detachment of plasma from static magnetic fields and the effect of induced currents in magnetic nozzle plumes, there has yet to be a comprehensive investigation that encompasses both of these related phenomena. The following questions thus arise: under what conditions do induced currents in magnetic nozzle plumes affect plasma detachment? And, more importantly, how do induced currents physically influence the accelerating plasma and the efficiency at which it detaches from the magnetic nozzle? It is mainly the later question that we address in this paper.
Using a two-fluid model for plasma expansion with a consistent magnetic field solution, we show that the inertial separation of plasma elements from surfaces of constant magnetic flux produces an azimuthal current density that acts to stretch the magnetic field along with the flow. The degree to which this field stretching occurs is strongly dependent on the inertial detachment parameter, G, the ratio of the incoming plasma radius to the magnetic coil radius,r p,0 , and the value of β at the throat, β 0 . While keeping G and r p,0 constant, we present solutions for two cases: a "low-β" flow and a "moderate-β" flow. We compare the physical properties and resulting propulsion efficiencies of each flow to determine the extent to which induced currents affect plasma expansion through magnetic nozzles. Finally, our analysis concludes with an investigation of the predominant detachment mechanism for each flow.
II. Plasma Detachment Model
An investigation of the influence that induced currents have on expanding magnetic nozzle plasmas requires a consistent description of the magnetic field within the flow. In light of this requirement, we have developed a two-fluid model for the expansion of a cold-ion, hot-electron plasma through an applied dipole magnetic field, for which an iterative procedure is used to converge upon a magnetic field solution consistent with the dynamics of the plasma flow. A depiction of our model may be seen in Figure 1 . 
II.A. Applied Magnetic Field
The axisymmetric nature of a magnetic nozzle permits the description of its applied magnetic field, B N , in terms of a scalar flux function, Ψ N ,
where, ê z ,ê r ,ê θ represent the unit vectors in cylindrical coordinates. Modeling our applied magnetic field as that due to a single loop of current with radius a centered at the origin yields the following form for Ψ N ,
where
and K and E represent complete elliptic integrals of the first and second kind, respectively.
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II.B. Plasma Expansion
The acceleration and expansion of plasma through a diverging magnetic field has been previously investigated numerous times using models of varying complexity. 9, 10, 13, [17] [18] [19] [20] Lacking from this literature is a simple model that allows simultaneously for thermal acceleration, induced magnetic fields, and inertial separation of the plasma from the magnetic field lines. It is these three properties of magnetic nozzle expansion that our model aims to capture.
We begin by solving for the dynamics of a uniform plasma flow through the throat of a static magnetic field using a Lagrangian specification for a two-fluid flow. Later, we will calculate the induced magnetic field and iterate upon the static magnetic field (sections II.D. and II.E.). Neglecting collisions, the conservation of momentum, continuity, and energy for each species take the following form:
where the subscript s denotes the species. Furthermore, we assume the plasma is fully ionized (n n = 0), quasineutral (n e = n i = n 0 ), and that local ambipolarity holds throughout the entire plume (u r,i = u r,e , u z,i = u z,e ). Finally, we consider the flow of cold ions (T i = 0) for which acceleration occurs as the electron thermal energy is converted into ion kinetic energy by the ambipolar electric field.
Non-dimensionalizing the system of equations and following a similar procedure as that of Hooper, we arrive at the following equations describing the plasma dynamics of the expanding plume:
Here,r Ls,0 is the normalized Larmor radius of species s at the throat,Ψ 0 is the normalized flux function value of the fluid element at the throat,Ψ is the local value of the normalized flux function, G is Hooper's inertial detachment parameter, defined as
and the non-dimensional parameters are given bŷ
where we have used the speed of sound at the throat, c s,0 , magnetic field at the origin, B 0 , and nozzle radius, a, to normalize the variables of our system of equations.
II.C. Quasi-One-Dimensional Pressure
The most accurate description of the expanding plasma under the stated assumptions requires the simultaneous solution of Equations (8)- (11) along with the continuity equation. Previous models 19, 20 investigating the acceleration of magnetic nozzle plasmas have followed this procedure, however, plasma detachment was impossible as it was required that the electron motion remain tied to the magnetic field lines for prior knowledge of the plume boundary. With the desire to solve the problem in a much simpler Lagrangian reference frame, we look for a pressure model in terms of only local variables along a given streamline.
Assuming most of the acceleration happens within a few nozzle radii of the throat, the streamlines of the flow in the acceleration region are taken to be approximately aligned with lines of constant magnetic flux. Using a tilde notation to denote the projection of a vector onto the meridional (r − z) plane, this approximation allows us to writeũ
with the density along a streamline given byn
Here,û is the magnitude of the velocity projected onto the magnetic field line. Finally, assuming the flow remains slowly divergent and that the density gradient in the radial direction is much less than the axial direction (∂n/∂ẑ >> ∂n/∂r ≈ 0), we may approximate the parallel velocity as
and combine this expression with Eq. (12) to yield the following equation for the axial variation of the density in terms of only local variables,
Therefore, combining Eq. (18) with Eqs. (8)- (11) allows us to solve for the evolution of the position and velocity of a fluid element given its position and velocity at the nozzle throat.
II.D. Induced Magnetic Field
Equation (4) indicates the dependence of the azimuthal velocity of each species on the inverse of their initial Larmor radius at the throat. The result of this dependence is an electron azimuthal velocity greater than that of the ions by the ratio of their masses: a result which creates a net current in the azimuthal direction. Considering only the electron current, Equations (7) and (14) yield the following expression for the azimuthal current along a given streamline,ĵ
is the ratio of the incoming kinetic energy density of the plasma to the energy density stored within the magnetic field at the nozzle throat. Therefore, it is seen that the formation of azimuthal currents within the nozzle plume is due to separation of the plasma from its initial flux line,Ψ 0 −Ψ, and is dependent on both of the dimensionless parameters associated with previous plasma detachment theories, G and β 0 . It is thus reasonable to suspect that a balance may exist between the propensity of the plasma to separate from the magnetic field due to its inertia and the tendency of the magnetic field to be pulled along with the plasma. By solving for the current density along multiple streamlines, we construct a current density distribution within the plasma. We then take the dimensionless induction equation,
and recast it as an elliptic partial differential equation in terms of the induced flux function,Ψ i .
1 r∇
Finally, we numerically solve the above equation forΨ i using a finite differencing scheme that incorporates both Gauss-Seidel iteration and Von-Hagenow's method for calculating boundary conditions. 21 Figure 2(a) shows surfaces of constantΨ i obtained from the numerical solution to Equation (22) 
II.E. Iteration Scheme
The total magnetic field is given by the sum of the applied magnetic field and the induced magnetic field, which may be expressed asΨ
However, consistency with the dynamics of the flow requires that the total flux function input to the two-fluid model be equal to the applied flux function plus the resulting induced flux function. We use the average error, avg , between the input and output flux functions as a measure of consistency, where
If the average error is greater than a threshold value (typically 10 −4 ), the input flux function is iterated upon using the output flux function of the previous iteration until avg decreases below the threshold. Using this method, consistent solutions for plasmas with β ≤ 10 −3 have been obtained. The initial output flux function for plasmas with β > 10 −3 is too large for this iteration scheme to work in its current form.
III. Results
Assuming the flow through the nozzle to be choked (û z,0 ≈ 1), four dimensionless parameters defined at the throat uniquely determine the solution to our model: the inertial detachment parameter, G, the ratio of the flow energy density to the magnetic field energy density, β 0 , the ratio of the plasma radius to the applied field coil radius,r p,0 , and the electron ratio of specific heats, γ. To investigate the influence of induced currents on the resulting plasma flow, we consider a "low-β" flow (β 0 = 10 −5 ) and a "moderate-β" flow (β 0 = 10 −3 ). A normalized plasma radius ofr p,0 = 0.18 is used along with a value of G = 4 × 10
5
and γ = 1.2 for both cases. These parameters are representative of a typical Argon plasma flow through a compact helicon thruster with T e,0 ≈ 40eV , a ≈ 0.1m, and B 0 ≈ 0.1T . 
III.A. Expansion Properties
The evolution throughout the plume of the axial velocity, density, and electron temperature along a given streamline is presented in Figures 3(a)-3(c) . The axial velocity is shown for both the streamline corresponding to the nozzle axis (r = 0) and the streamline corresponding the plume edge (r =r p ). It can be seen that most of the acceleration occurs within five nozzle radii of the throat. Furthermore, a decrease in axial velocity is observed along the outermost streamline, for which the moderate-β flow shows a smaller decrease than the low-β flow. Figure 3(b) indicates a similar density profile for both flows, however, the density falls off slightly faster for the low-β-flow. The decrease in electron temperature, shown in figure 3(c), shows little dependence on the value of β 0 . To help understand the dynamics of the expanding plasma for each case, we consider the work done by thermal and electromagnetic forces on a fluid element as it escapes the nozzle. Normalizing the work due to each force by the electron temperature at the nozzle throat, we arrive at the following expressions:
Here, we denoteŴ th as the work due to thermal forces andŴ em as that due to electromagnetic forces. We should note that some ambiguity exists between the actual sources of this work as the thermal work results from a relationship between the ambipolar electric field and electron pressure. Furthermore, the electromagnetic work is due to a combination of the magnetic ( u × B) force, which technically does no work on the particles, and the centrifugal force. However, Eq. 26 represents the work due to the projection of these forces on the meridional plane, and is in essence a measure of how much energy has been deposited into the rotation of the plasma.
Figures 3(d)-3(e) show the thermal work along the nozzle axis, and the electromagnetic work along the plume edge, respectively. The thermal work for each flow is nearly identical, which suggests that induced field effects have a negligible role on the thermal acceleration of the plasma. The work due to electromagnetic forces is seen to decrease rapidly then increase towards an asymptote. The initial decrease corresponds to the point where the plasma separation from its initial field line becomes pronounced, thus leading to significant plasma rotation (Eqs. 7 and 26). The slower increase, on the other hand, occurs as the centrifugal force of the rotating plasma becomes much greater than the Lorentz force. It is clear from the graph that the electromagnetic forces are less pronounced for the moderate-β case. This is because the currents within the plasma induce a magnetic field that acts to drag the initial flux surface of a plasma element along with it, thereby decreasing the quantity,Ψ 0 −Ψ. The asymptote towards which the work tends reflects the residual energy contained within the plasma rotation. Evidently, this energy is two orders of magnitude less than the energy increase due to thermal forces.
The extent to which the streamlines deviate from the magnetic flux lines can be quantified by considering the separation angle between the magnetic field and velocity vectors at a given point. We will refer to this angle as α. Figure 3(e) shows the variation of α along the outermost streamline. The separation angle remains negligibly small until a distance of around five nozzle radii, after which a sharp increase occurs. The increase eventually levels out as the streamline approaches a linear trajectory. It is worthy to note that the separation angle remains small in the region from which a majority of the thermal acceleration occurs, thus justifying the assumptions made in section II.C. Comparing the streamlines of the two flows, we see that the separation angle is greater for the moderate-β flow . We can define another angle, ∆α, which is the angle of separation between the velocity vectors of the two flows (i.e. low and moderate-β flows). The asymptote of ∆α indicates a noticeable decrease in the divergence angle for the moderate-β plasma.
III.B. Current Distribution
The azimuthal current density for the moderate-β flow is shown in Figure 4 (a) along with the flow streamlines (solid black lines) and resulting magnetic flux lines (dashed red lines). Peak values ofĵ θ ∼ 2 × 10 −4 are observed along the plume edge around five nozzle radii from the throat. The low-β flow shows a similar trend, however, the peak current density is two orders of magnitude lower than the moderate-β flow. 12, 13 However, at a certain point, the streamlines inertially separate from the magnetic field according to Hooper's 10 detachment theory. It thus seems that detachment is a balance between the desire of the plasma to separate from the magnetic field due to its inertia and the tendency of the magnetic field to be pulled along with the plasma. A more detailed analysis of this balance is presented in section III.E.
III.C. Induced Magnetic Field
III.D. Propulsion Criterion
Before we consider the influence of induced currents on the efficiency of magnetic nozzles, it is imperative to define the nozzle efficiency. Numerous definitions for the efficiency of magnetic nozzles have been reported in the literature, 9, 12, 19 however, these mainly only examine efficiency losses due to the divergence of the plume and do not take into account the conversion of thermal energy to directed kinetic energy. To this end, we define our nozzle efficiency as
where P thrust is the directed kinetic power of the plume and P in is the power contained within the flow at the throat. Furthermore, we can express the total nozzle efficiency as a product of efficiencies for two separate processes: acceleration (η acc ) and divergence (η div ). We thus arrive at
with P ke being the total kinetic power of the flow. Expressions for the input power for a uniform entrance flow and the directed and undirected kinetic power at a given axial position are provided below:
Assuming only single ionization with ionization energy, + i , and negligible recombination within the expanding plume, we derive an expression for the maximum efficiency assuming all of the thermal energy stored within the plasma is converted into directed kinetic energy. This efficiency is given by
is the normalized critical ionization velocity of the ions. A plot of the maximum efficiency versusû ci for three different values of the specific heat ratio, γ, is presented in Figure 5 .
As the normalized critical ionization velocity increases, most of the incoming power is "frozen-in" ionization modes within the plasma. It is thus beneficial to operate at conditions where the sound speed at the throat is much greater than the critical ionization velocity, which is equivalent to a throat temperature much larger than the ionization potential of the gas. Furthermore, the maximum efficiency decreases for an increasing specific heat ratio at a given value ofû ci . This decrease is due to the amount of power contained within the internal modes of the incoming plasma in relation to the power contained within ionization modes. As γ decreases, the amount of power contained within these internal modes decreases. The resulting expressions for the efficiencies as a function ofẑ in terms of our normalized variables are
where a quantity in brackets indicates averaging over the cross section at a fixed axial position and the overall values of each efficiency are given by the limit of each expression as z → ∞. Armed with our efficiency expressions for the different nozzle processes, we may now analyze the effect that induced currents have on magnetic nozzle acceleration and detachment. Applying Equations (32)-(34) to each flow yields the results in figures 6(a)-6(c). The acceleration efficiency is observed to have very little dependence on β 0 , and asymptotes to the maximum value given by Eq.(30). We may then conclude that the induced currents for the values of β 0 studied in these examples have a negligible effect on the acceleration of the plasma. The divergence efficiency, on the other hand, shows an improvement of four percent for the flow with significant induced currents compared to that without. This improvement is the result of the ability of the moderate-β plasma to stretch the field lines along the flow. The result is an increase in the total efficiency from 62% to 65% when going from the low-β to moderate-β flows -a trend we expect to continue with rising β 0 .
Finally, it is possible to calculate the thrust and specific impulse of the flow at each axial position. Normalizing each parameter with their value at the nozzle throat yieldŝ where the overall value of each propulsion parameter is given by the above expression as z → ∞. Figures  7(a)-7(b) show that the resulting thrust and specific impulse of each flow asymptote to around 2.8 times their value at the throat, with a small increase in each quantity for the more efficient moderate-β flow.
III.E. Detachment Analysis
The physical mechanism by which plasma detaches from a magnetic nozzle is still open for debate. Our analysis indicates detachment occurs via inertial separation for both flows in consideration. The influence of induced currents is to stretch the magnetic field along the flow, however, the limit suggested by Arefiev and Breizman of the magnetic field being stretched to infinity was not observed. Rather, the magnetic field was stretched by the flow until a certain point where the flow detached inertially. To analyze this phenomenon, we look at electron magnetization and the evolution of β within the plume. The extent to which electrons are demagnetized may be given by the ratio of the electron Larmor radius to the scale length of magnetic variation. Defining this parameter as ξ demag , we may write
where a value of ξ demag << 1 indicates strongly magnetized electrons. Figure 8 shows the variation of ξ demag along the outermost streamline for both flows. In each case, ξ demag increases beyond one at nearly two nozzle radii from the throat. Recalling from Figure 3 (f) that a sharp increase in the separation angle was observed around five nozzle radii, we conclude that detachment occurs . Axial variation of (a) electron magnetization strength and (b) plasma β along the streamline corresponding to the plume boundary (r =rp) for β0 = 10 −5 (dashed) and β0 = 10 −3 (solid).. The electron magnetization strength is on the order of unity at the point of inertial separation (ẑ ≈ 5). For induced currents to influence detachment, β at the point of separation also needs to be of order unity.
due to the effective demagnetization of the electrons. As an electron-ion pair accelerates through the nozzle, the small Larmor radius of the electron ties it to its initial magnetic field line. The ion, having a larger Larmor radius, can wander away from the field line due to its inertia, however, the ambipolar electric field between the particles ties the ion to the electron. If the effective inertia holding the electron to the magnetic field line is greater than the ion inertia, the pair of particles will remain magnetized (large G). However, as the electron Larmor radius increases (small G), the electrons are able to wander away from the magnetic field line, and the inertia of the ions dominates the resulting flow.
The question thus arises: when do induced magnetic fields alter the above detachment scenario? To address this question we consider the variation of β along the streamline coincident with the edge of the flow. A plot of β versus axial distance along this streamline is presented in Figure 8 (b). It is clear from this figure that the axial distance at which β increases above unity is strongly dependent on β 0 . The ability of the flow to alter the applied magnetic field lines requires β ∼ 1. Therefore, it is understandable that the induced magnetic fields of the low-β flow have no influence over the expansion of the plasma because the point where β approaches unity (ẑ ≈ 15) is well downstream the point of inertial detachment (ẑ ≈ 5). The point at which β approaches unity for the moderate-β flow approximately coincides with the point of inertial detachment, therefore, it is understandable that induced magnetic fields play an important role in the detachment of this flow.
In general, the trends presented in figures 8(a)-(b) depend on the values of G, β 0 , andr p,0 specified at the nozzle entrance, which in turn are dependent upon the characteristics of the incoming flow. If G is increased, the point at which inertial separation of the flow occurs is pushed downstream. The divergence of the flow at this point is strongly dependent uponr p,0 as it determines how divergent the magnetic field is at the point of separation. However, the plasma is not guaranteed to reach the separation point before it begins the wrap around the magnetic field, which would lead to thrust losses and possible spacecraft damage. This scenario may be avoided if β 0 is large enough to stretch the field along with the flow. A thorough characterization of the effect of these three variables on plasma detachment is outside the scope of this paper, however, future work is aimed at quantifying this complex rapport.
IV. Conclusion
We have presented a model for the acceleration and detachment of a two-fluid plasma flow through a magnetic nozzle. The model considers cold ions and hot electrons. Ion acceleration occurs as the electron thermal energy is converted into ion kinetic energy by an ambipolar electric field. A quasi-one-dimensional expression for the pressure is derived that allows us to solve for the flow dynamics in a Lagrangian reference frame. An iterative procedure is then employed to solve for a magnetic field consistent with the induced currents within the flow. Using this model, we examined the influence of induced currents on the plasma expansion using a low-β flow and a moderate-β flow. Analysis of a high-β flow requires an alternative iteration scheme and will be the subject of a future study.
Induced currents were observed to have a negligible influence on the thermal acceleration of the plasma for both flows in consideration. The divergence of the plasma due to electromagnetic forces, on the other hand, decreased by around three degrees for the moderate-β case. This decrease is attributed to the stretching of the magnetic field along with the flow, resulting in a less divergent field at the point of inertial detachment.
A definition of the nozzle efficiency was presented as the ratio of the directed kinetic power of the flow to the total power of the flow at the nozzle entrance. We derived an expression for the maximum nozzle efficiency that indicates high efficiencies require operation in which the speed of sound at the nozzle throat is on the order of the critical ionization velocity of the ions. This requirement ensures that "frozen-flow" losses due to ionization of the propellant are a small fraction of the directed kinetic energy. Furthermore, we considered the contribution of an acceleration efficiency and a divergence efficiency to the total nozzle efficiency for both flows. It was determined that induced currents do not influence the efficiency by which thermal energy is converted into kinetic energy. The fraction of the kinetic energy that is directed along the thrust axis increases with the magnitude of the induced currents, however, as the induced magnetic fields lead to a decreased plume divergence.
Finally, the implications for plasma detachment were analyzed by considering the variation of the electron magnetization strength and the plasma beta along the plume boundary. We observed that the plasma detaches by inertial separation for both flows in consideration. Furthermore, the point of detachment occurs when the electron Larmor radius is on the order of the scale length of magnetic variation. It is thus concluded that inertial separation as the electrons become demagnetized is the predominant detachment mechanism by which the plasma separates from the magnetic field. We also found that, if induced currents are to influence the flow, the local value of the plasma β must be of order unity at the point of inertial separation. We conclude that the divergence efficiency associated with plasma detachment is ultimately dependent upon three dimensionless variables associated with the incoming flow: the inertial detachment parameter, G, the ratio of the flow energy density to the magnetic field energy density, β 0 , and the ratio of the plasma radius to the nozzle radius,r p,0 .
